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The polytropic contraction of a mixture of an ideal gas and solid 
particles is examined. The obtained relationship is compared with 
experimental data. 

It has  been sugges t ed  that  a two-componen t  g a s -  
so l ids  s y s t e m  can be used  as  a t h e r m o d y n a m i c  w o r k -  
ing m e d i u m  [1 -3 ] .  Such m e d i a  a r e  of g r e a t  p r o m i s e  
in that  they p rov ide  a m e a n s  of i n c r e a s i n g  the t h e r m a l  
e f f ic iency  of hea t  power  p lan ts  by v i r t ue  of the fact  
that  the p r o c e s s e s  of c o n t r a c t i o n  and expans ion  become  
a l m o s t  i s o t h e r m a l .  

In E l ' p e r i n  and Minkov ' s  p a p e r  [2] some  t h e r m o -  
dynamic  cyc l e s  w e r e  ana lyzed  and an e x p r e s s i o n  for  
the po ly t rop i c  exponent  was obta ined.  This  e x p r e s s i o n ,  
however ,  ignored  s e v e r a l  ve ry  i m p o r t a n t  f a c t o r s  which 
affect  the na tu re  of the p r o c e s s .  T h e s e  include the 
r a t e  of hea t  t r a n s f e r  be tween  the p a r t i c l e s  and gas ,  
the t ime  of the p r o c e s s ,  and so on. In th is  p a p e r  we 
a t t empt  to t ake  these  f a c t o r s  into account  and obta in  
a m o r e  g e n e r a l  e x p r e s s i o n  for  the po ly t rop i c  expo-  
nent.  

We c o n s i d e r  a s y s t e m  c o n s i s t i n g  of an idea l  gas  
with so l id  p a r t i c l e s  suspended  in it. We a s s u m e  that  
the s y s t e m  is a d i a b a t i c a l l y  i so la ted ;  the  vo lume of the 
p a r t i c l e s  du r ing  con t r ac t ion  (expansion)  r e m a i n s  con-  
stant;  the p a r t i c l e s  a r e  s p h e r i c a l ,  a r e  un i fo rmly  d i s -  
t r i bu ted  throughout  the volume,  and do not i n t e r a c t  
with one ano ther ;  no c h e m i c a l  r e a c t i o n s  take  p lace ,  
and t h e r e  is  no hea t  t r a n s f e r .  

F r o m  the f i r s t  law of t h e r m o d y n a m i c s  we can w r i t e  
for  the gas ,  

114 dq = M du @ Mp do , (1) 
dT d~ dT 

and for  the p a r t i c l e s  

M s d q s ' = M  s dis (2) 
dx  d~c 

Since the s y s t e m  is a s s u m e d  to be a d i a b a t i c a l l y  
i so la ted ,  the lef t  s ide  of Eq. (1) is equal  to the lef t  
s ide  of Eq. (2) with the oppos i te  s ign 

M d._~q = _ M s  dqs (3) 
d~ d~ 

In t roduc ing  the symbo l  # = M s / M  and us ing  r e l a -  
t ionsh ip  (3) we obta in  

di s _ du do di dp (4) 
- ~ d ~ - - j ;  + P d---i = d---( - -  o d -~  �9 

We w r i t e  the l a s t  e x p r e s s i o n  in the fo rm of two 
equat ion s: 

di s du do (4a) 
- - ~  - J V ~ - -  d ~  P d T  ' 

dis di dp 
1 �9 = - -  v - -  �9 ( 4 b )  

d~ d~ dT 

Regarding the enthalpy of the particles as depen- 
dent on the time through the temperature of the gas, 
i .e . ,  

we obta in  

i s = ? it  ('01, 

di s di s dt dts dt 
- = c s - -  - -  ( 5 )  

d T dt d T dt d x 

On the o the r  hand, for  an idea l  gas ,  

du dt di dt 
dT --  co ' = c~ - -  (6) 

d• d z  d~ 

Subs t i tu t ing  r e l a t i o n s h i p s  (5) and (6) in (4a) and 
(4b), we wr i t e :  

( d r  s ) d r  dv (6a) 
- -  p z s - ~ +  c~, ~ - = p  d---~- ' 

dts ) dt dp (6b) 
- ~ C s - Z f + c ~  - j - ~ = - o  d--7 " 

Dividing the second equation by the first, we obtain 

(~tCs-~dts + c p ) / ( ~ c s  ~dts + c o )  = 

_ v dp d x /  d v  d ' r .  ( 7 )  

-p d'~ , d ~ 

The contraction (expansion) of a two-component 
medium is polytropic with a variable polytropic index, 
the instantaneous value of which is 

vdp 
Ft. 

pdv 

In view of this and also the fact that Cp/Cv = k, we 
obtain from Eq. (7) the following expression for the 
polytropic exponent: 

Cs dis 1 + ~ - -  . (8) 
n =  k -}- ~ cv dt c o dt 

In the case of absence of solid particles, i . e . ,  p = 
=0, n =k, and when p ~ 0% n ~ i .  

When the temperatures of the gas and particles are 
equal (t s = t, dts = dr) we obtain from expression (8) 

the formula proposed by El'perin and Minkov [2], i . e . ,  

(9) 
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In the r e a l  t h e r m o d y n a m i c  p r o c e s s  the p r e s e n c e  of 
a t h e r m a l  r e s i s t a n c e  e x t e r n a l  to the p a r t i c l e s  has  the 
r e s u l t  that  the r a t e  of change of t e m p e r a t u r e  of the 
p a r t i c l e s  is  much lower  than that  of the t e m p e r a t u r e  
of the c o m p r e s s i b l e  m e d i u m  (gas). The d i f f e rence  
depends  on the r a t e  of hea t  t r a n s f e r  between the p a r -  
t i c l e s  and the gas .  Thus,  o ther  condi t ions  being equal,  
at  the in i t i a l  ins tan t  of the p r o c e s s  d t s / d t  = 0 and n = 
= k ,  while  at  the end of the p r o c e s s ,  i f t  s = t ,  then 
n = n  0. 

In o ther  words ,  in the r e a l  p r o c e s s  the mean  value  
of the po ly t rop i c  exponent  mus t  sa t i s fy  the condi t ion 

no ~< -n ~< k. (10) 
We w r i t e  

dr--As = ~ (x); (11) 
dt 

~0(0) = 0, ~(**) =1.  ( l l a )  

To d e t e r m i n e  9(T) we c o n s i d e r  the hea t  t r a n s f e r  
between the s p h e r i c a l  p a r t i c l e s  and the gas  when Bi 

0. The hea t  t r a n s m i t t e d  f rom the gas  to the p a r t i -  
�9 c l e s  changes  the hea t  content  of the l a t t e r ,  i . e . ,  

dis i~Cs - ~  = a (t - -  ts) 4n R~No , (12) 

whe re  N o is the number  of p a r t i c l e s  in 1 kg of gas,  and 

4 ~ a~ N0 (13) ~ = P s  - -~  

Subst i tu t ing  the value  of N O f r o m  (13) in (12), we 
obtain 

dts 3a (t - -  is). (14) 
d~ CsPsR s 

We d i f f e r en t i a t e  the lef t  and r igh t  s ides  Eq. (14) 
With r e s p e c t  to the gas  t e m p e r a t u r e .  Then 

d ( d t s ] _ _  3a (1__ _~s)  (15) 
dt \ - ~ 1  CsPsRs \ d, , " 

If we expand t(7) in a power  s e r i e s  

o 

and r e s t r i c t  o u r s e l v e s  to the l i n e a r  a p p r o x i m a t i o n ,  
the o p e r a t i o n s  of d i f f e r en t i a t i on  with r e s p e c t  to t and 
T in the lef t  s ide  of Eq. (15) commute ,  i . e . ,  

a a (ats I (16) 
a--( \-dT / = - ~  \ dt ~ " 

Using  r e l a t i o n s h i p  (16) and Eq. (11) we obta in  the 
fol lowing d i f f e r e n t i a l  equat ion to d e t e r m i n e  the func-  
t ion ~(T): 

d q~ _ 3a 
(1 --(p). (17) 

d z  CsPsR s 

Sepa ra t i ng  the v a r i a b l e s  and in t eg ra t ing  with due 
r e g a r d  to bounda ry  condi t ions  ( l l a ) ,  we obtain 

(p(x) I e x p (  3a ) = - -  x . ( 1 8 )  
Cs Ps Rs 

In this case the expression for the polytropic ex- 

ponent takes the form 

n =  c--is [ 1 - - e x p (  
k + p, co 

• c-~s I i - - e x p  ( 
{ 1 + ~  c~ 

3o 
X 

cspsRs 
3a 

CsPsRs z )  } -1" 
(19) 

The mean  value  of the po ly t rop ic  exponent  dur ing  
the p r o c e s s  is  

n = - -  n(x) dx. (20) 
T 

o 

In t eg ra t ing  and c a r r y i n g  out some  a l g e b r a i c  t r a n s -  
f o rma t ions  we obtain the f inal  e x p r e s s i o n  for  the mean  
value of the po ly t rop i c  exponent:  

c,, ] / \ 3Bi Fo 

• ln(1-Fl~ co 

s  

In the l i m i t i n g  case ,  when ~ - ~  ~, r e l a t i o n s h i p  (21) 
b e c o m e s  e x p r e s s i o n  (9). 

The va lues  of the po ly t rop i c  exponent  ca l cu l a t ed  
f r o m  f o r m u l a  (21) we re  c o m p a r e d  with the  e x p e r i -  
men ta l l y  obta ined va lues .  The a p p a r a t u s  on which the 
e x p e r i m e n t  was conducted  was d e s c r i b e d  in [4]. A m i x -  
t u r e  of a i r  and p a r t i c l e s  of n a t u r a i  g raph i t e  (pa r t i c l e  
s i ze  10~) was c o m p r e s s e d  in a r o t a r y  c o m p r e s s o r .  The 
concen t ra t ion ,  t e m p e r a t u r e ,  and p r e s s u r e  of the mix -  
t u r e  we re  m e a s u r e d  in the e x p e r i m e n t s .  The t ime  of 
the c o n t r a c t i o n  p r o c e s s  was d e t e r m i n e d  f r o m  the t r a v e l  
of the p i s ton  for  a known n u m b e r  of r evo lu t i ons  of the 
c o m p r e s s o r .  The coef f ic ien t  of hea t  t r a n s f e r  between 
the gas  and g raph i t e  p a r t i c l e s  was eva lua ted  f r o m  the 
f o r m u l a  

( z~  1.8~/ds, (22) 

which is  va l id  for  round p a r t i c l e s  in the c a s e  of un-  
de t ached  flow [3]. A c o m p a r i s o n  of the va lues  of the 
p o l y t r o p i c  exponent  ca l cu l a t ed  f r o m  f o r m u l a  (21) with 
the e x p e r i m e n t a l l y  obta ined va lues  showed that  the d i f -  
f e r e n c e s  we re  not m o r e  than 3%. F o r  ins tance ,  a t  
g r aph i t e  c o n c e n t r a t i o n s  of 4.5, 10.9 and 13.3 k g / k g  the 
po ly t rop i c  exponent  was,  r e s p e c t i v e l y ,  1.072, 1.067, 
and 1.046 by e x p e r i m e n t ,  and 1.075, 1.050, and 1.037 
by ca l cu la t ion .  

Thus,  the obta ined  e x p r e s s i o n  for  the po ly t rop i c  
exponent  can be used  to ca l cu l a t e  and ana lyze  the c y -  
c l e s  of hea t  power  p lan t s  in which the work ing  m e -  
d ium is c o m p o s e d  of a gas  and so l id  p a r t i c l e s .  

NOTATION 

M is the m a s s ;  q is  the hea t  flux; T is the  t ime  of 
p r o c e s s ;  u is  the i n t e rna l  ene rgy  of gas;  p is  the p r e s -  
sure ;  v is  the spec i f i c  volume;  i is  the enthalpy;  /z is  
the m a s s  c onc e n t r a t i on  of so l id  phase ;  t is  the t e m -  
p e r a t u r e ;  Cs, Zp, Cv a r e  the  spec i f i c  hea t  of p a r t i c l e  
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m a t e r i a l ,  spec i f ic  heat  of gas for  p = coas t  aad v = 
= const,  r e s p e c t i v e l y ;  n is the po ly t rop ic  exponent;  
k is the adiabat ic  exponent;  oz is the coef f ic ien t  of heat  
t r a n s f e r  between gas and p a r t i c l e s ;  R s is  the p a r t i c l e  
rad ius ;  p is the densi ty ;  k is the t he rma l  conductivi ty;  
Bi is the Blot number;  Fo is the F o u r i e r  number .  The 
subsc r ip t  s indica tes  that the value r e l a t e s  to the sol id 
phase .  
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